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Analysis of the Stationary Thermal-Electro

Hydrodynamic Boussinesq Equations

Philipp Gerstner, Martin Baumann, Vincent Heuveline

April 11, 2019

Abstract
A functional analytic framework is proposed for setting up the variational formulation of the sta-
tionary, thermal-electro hydrodynamical Boussinesq equations. In this setting, existence, stability and
uniqueness of solutions in a suitable Sobolev space is shown. The results are obtained by extending the
existing theory on stationary Boussinesq equations to take into account a more general force term and
by employing a fixed-point argument for augmenting the Boussinesq equations with Gauss’ law and

the dielectrophoretic force.

1 Introduction

Gravitation acting on non-isothermal fluids induces the well-known buoyancy force which gives rise to a
variety of different flow structures. An important application of this effect is a heat exchanging system,
where a fluid acts as transmitter of thermal energy between a hot object and a cooling device. The
convection of temperature due to vortex-like fluid structures plays the major role in heat transfer. To
further enhance heat transfer or to make it possible in non-gravitational environments, e.g. in space
devices in earth orbit, without employing mechanical devices such as pumps or rotors, one can make use
of the so called dielectrophoretic (DEP) force. The DEP force acts on dielectric fluids under the influence
of an outer electrical field with direction determined by the fluid’s temperature gradient. The resulting
system of partial differential equations is obtained by augmenting the standard Boussinesq equations for
natural convection for small temperature variations with the DEP force in the momentum equation and
with Gauss’s law for describing the electric potential inside the fluid. This system is called Thermal-FElectro
Hydrodynamic (TEHD) Boussinesq Equations and is given by [20]

1
u+ (u-Vyu—vAu+ —Vp = . (V®)’Vl — a,g(f — 6,)

T

Vu = 0
00+ (u-V)0—rAl = 0 (1.1)
V(1 —=7(0—-0,.))V®) = 0.
The DEP force f, := a,.(V®)2V# is derived from the more general electrical body force
B 1_, 1 Oe 9
FE = peE iE VE(@) + iv |:p (8p>9 E :| . (12)

Here, the Coulomb force p.E can be neglected if the electric field E is induced by an alternating voltage
of high frequency [20] and the third term can be hidden inside a generalized pressure since it is a gradient
field. Then, f. is obtained from the second term in (1.2) by linearizing the temperature dependent
permittivity €(f) around some reference temperature 0., i.e.

€y

€0) =¢. (1 —~(@—0,)) and . = Sy




The set of unknown variables consists of fluid velocity u, pressure p, temperature 6 and potential ®.
The physical parameters are kinematic viscosity v, density p,, thermal diffusion x, thermal expansion
coefficient g, natural gravity g, reference permittivity €, and permittivity rate of change . The system
(1.1) is posed on a bounded domain Q C R?, d € {2,3} and subjected to the following boundary conditions

u = Oonl
0 = HDODFD,V9~I‘1:OOHFN
® = dponlp, VOP-n=0only

In this work, we restrict ourselves to the stationary version of the TEHD equations, which might be of
interest on its own or which are obtained after discretizing (1.1) in time. The considered system is given
by

du+ (- V)u—rvAu+ inp = F(9,0)+1f,
Viu = 0
0+ (0-V)0—rAO = f; (1.3)
~V - (e()Ve) = f5(0),

with § > 0 and fy, f-, fg denoting possible contributions by some outer time-stepping scheme, which also
determines (@, @, 6, ®). Depending on the degree of implicitness, each of these variables could be either
fixed or unknown. In particular, we allow the case (@, @,0,®) = (u,u,0,®), § =0 and f, = f, = f5 =0,
which corresponds to the stationary version of the transient TEHD equations (1.1). Compared to (1.1),
we introduced a general force term F(6, ®), a general permittivity e: R — R and shifted 6 by the constant
reference temperature 6,..

The effect of the DEP force has been first studied theoretically and experimentally in [4] and the-
oretically in [23]. In the recent years, there have been a number of works concerning linear stability
analysis (LSA) of the TEHD equations in various settings. In [28], [27] and [15] LSA was performed in
case of infinite length plate and cylinder annulus geometry in absence of natural gravity, i.e. with g = 0.
Corresponding experiments under microgravity conditions were conducted in [6] and [17]. In [17], the
experimental data was compared with LSA results. Experiments under the influence of earth gravity
were performed in [9] and [22]. In [22], experimental data was compared with direct numerical simulation
based on the Finite Element method. The numerical solution of the TEHD equations was also considered
by employing a Finite Volume method in [29], [13] and by using Finite Elements in [5] and [8]. In [29], a
spherical gap was considered and the effect of dielectric heating was taken into account. The other works
focused on vertical cylinder annuli. In [25] and [26], periodic top and bottom plates of the cylinder were
assumed, making it possible to employ spectral methods for numerical simulation. A more comprehensive
overview on DEP-driven flow is given by the review paper [20].

To our best knowledge, there are no contributions that address the functional analytic investigation of
both the stationary and instationary TEHD Boussinesq equations. In this work, we therefore investigate
stability, existence and uniqueness of solutions of the stationary TEHD equations. In doing so, we extend
the theoretical work on the stationary Boussinesq equations performed in [19] by including a more general
body force term.

We aim to put the stationary TEHD equations (1.3) into a functional analytic framework that allows to
investigate existence, uniqueness and stability of solutions. In doing so, certain difficulties are encountered
when directly working with the DEP force f. = f.(6,®) from (1.1) because it is a product of three
gradients. For the typical regularity of solutions 6 and ® of heat equation and Gauss’s law, respectively,
on a Lipschitz domain with mixed boundary conditions and possible nonsmooth coefficients, it cannot be
shown that f, is an element of the underlying function space’s dual. Therefore, f. is replaced by a general
force term F (0, @) in (1.3). We first state assumptions on F' that are sufficient for proving well-posedness
of (1.3) and then propose certain ways for fitting the DEP force into the previously derived framework.

Concerning well-posedness, we note that for given § and 6, the potential ® is determined by Gauss’s
law. This fact motivates proving the existence of weak solutions of (1.3) by means of a fixed-point iteration.
In this iteration, we split (1.3) into a hydrodynamical part, given by the stationary Boussinesq equations
with buoyancy being replaced by F(#, ®) and Gauss’ law with temperature-dependent permittivity.



The existence of solutions (u, ) of the Boussinesq equations is shown by employing a Galerkin principle
combined with a fixed-point argument to a series of finite-dimensional problems. To be more precise, we
adapt the concept presented in [14] for the stationary incompressible Navier Stokes equations. This
result can be seen as generalization of [19], where existence and uniqueness of solutions of the stationary
Boussinesq equations is shown for the standard buoyancy force.

The corresponding proof requires F to satisfy some type of weak continuity property. The proposed
procedure demands stability of solutions (u, ) w.r.t. the data, measured in energy norm. This is estab-
lished by combining ideas from the corresponding result for the stationary incompressible Navier Stokes
equations (see e.g. [14]) with the procedure proposed in [19] and [I18] to cope with non-homogenous
Dirichlet boundary conditions for the temperature. We have to impose the assumption that there exists
a family of smooth boundary liftings for ), of arbitrarily small L? norm. Moreover, we have to require
the force term F to fulfill some boundedness principle of the form [|F (4, ®)|| < ar(||®])]|VO| for some
non-decreasing function ag. Since the temperature determines the permittivity in Gauss’ law, which has
to be nonnegative, we need to ensure that 6 is uniformly bounded. This result is obtained by means of a
weak maximum principle and posing certain requirements on f, and 6.

Eventually, a uniqueness result for the stationary TEHD equations (1.3) under rather strict assump-
tions on the involved data is derived by modifying existing techniques and we obtain the requirement of
F being locally Lipschitz continuous in some sense.

For the choice of F, we suggest a model that is based on linearization around a smooth reference
potential or that makes use of a regularization operator such as mollification. We give a heuristic jus-
tification for the proposed procedure in case of fluids with small permittivity variation + and for small
temperature variations.

The outline of this work is as follows: In Section 2 we formulate the Boussinesq problem with general
force term F and summarize the requirements posed on F. Afterward, we prove stability and existence
of solutions and recall a maximum principle that is applicable to the temperature. In Section 3, we set
up the variational formulation for the stationary TEHD equations and continue with proving existence,
stability and uniqueness of solutions. As final step, we consider the modeling of the DEP force.

2 The Boussinesq Problem with General Force Term

After setting up the required notation, we first state a variational formulation for the stationary Boussinesq
equations with general force term and collect results on existence and stability of its solutions. In Section
3, these results are needed to prove existence and uniqueness of solutions of (1.3).

Notation

Throughout this article, let Q2 C R¢, d € {2,3} denote a bounded and connected domain with Lipschitz
boundary 02 =: T" =: I'p + I'y that is split into a Dirichlet and a Neumann part. Smooth functions are
denoted by

C*(M) := {v € C*(M) with a-Hélder continuous derivatives up to order k} for M ¢ R?
C5o(Q) :={v e C>®(Q) : supp(v) CC Q}
C% Q) == {v e C*(Q) : supp(v)NTp = 0}
with supp(v) := {z : v(x) # 0}.

For p € [1,00] let LP(§2) denote the space of measurable and p-integrable functions on Q with corre-
sponding norm

lull := {(f” [u(@)Pdz)?, pe[1,00)

esssup,eqlu(z)],  p=o0

Moreover, LE(Q) := {v € LP(Q) : [, v(x)dz = 0} and WHP(Q) := {u € LP(Q) : 0%u € LP(Q), |1 < k}

denotes the standard Sobolev space of integer order k > 1 with multiindex o € N¢ and |a|; := 2?21 Q.



The associated norms are defined as

_J (Sapeeloulp)” s peoo)

max|q|, <k [[0%%| oo, p =00

[ellkp :

In case of p = 2 we abbreviate H*(Q) := W*2(Q) with W%2(Q) := L2(2) and || - || := || - |2 and introduce

the semi norm )

2
fulk = | > l10%ull3
|Oé‘1=k

For these Hilbert spaces, we denote their corresponding inner products as

(u,v)) 1= Z (0%u, 0%), with (u,v) = / u(z)v(z)de.

ol <k @

For p > 1let yp € L(WHP(Q), W= ?(T)) denote the trace operator and vp € L(WLP(Q), W ?(Tp)) its
restriction to the Dirichlet part of the boundary in case of nonzero d — 1 dimensional Haussdorff measure
of I'p. According to Theorem 1.5.1.3 in [12], there holds yrv = v, and ypv = I for all Lipschitz
continuous functions v € C%1(Q). Associated spaces are defined as
w2
Hi(Q) := C*(Q) c{veWr3(Q): yr(v) = 0}
1,2

HL(Q):=CH' @) nWLs(Q) < {veW'(Q): yp(v) =0}

Vector-valued function spaces are written in bold font, e.g. LP(Q) := LP(2)% and we use the same
notation for the respective norms with | - | denoting the Euclidean norm.

Employing Friedrich’s inequality A.7, Holder’s inequality and the Sobolev embedding W12(Q) —
L5(Q), we define constants for p € [1,p*],q > p and p* € [1, 00| such that 71% <1- g

O b o P L Y
O 2 M e Y 2 iy Tl
The positive and negative part of a function u: @ — R are defined as u™(z) := max{u(z),0} and

u™ (x) := min{u(z), 0}, respectively. For u,v € H*(Q) we define u < v on I'p iff (u —v)* € H5(2) and

supu:=inf{k e R: u<konIp}
I'p

ianu =sup{keR: k<wuonTp}.
D

There holds
irnfu =sup{k:(k—u)" € H)} = —inf{—k: (k—u)" € H)}
D

=—inf{k: (—k —u)t € Hp} = —sup(—u).
I'p
For a general normed space (X, || || x) its associated dual space is denoted by X* with norm ||¢|| x~ :=
SUP,e x|z x =1 |#(2)]. Moreover, for z € X, ¢ € X* the dual pairing is denoted by ¢(z) =: (¢,z) x- x =:
(p,x)x+. For s > 0and z € X, By(x,X) :={y € X ||z —y||x < s} denotes the open ball of radius s
around z.

2.1 Variational Formulation

We define function spaces for velocity, U := H}(Q2) and V = {v € U : V -v = 0}, temperature, © :=
H},(Q) and pressure, M := L%(Q). To shorten the following presentation of the Boussinesq equations, we



introduce as set of bi- and trilinear forms given by

ay(u,v) = §(u,v)+v(Vu,Vv), ¢ (u,v,w) = (u-Vv,w)
a-(0,7) = 6(0,7)+k(VI,VT), c:(u,0,7) = (u-Vé,r1)
1
Lemma 2.1. (Properties of trilinear forms)
Cv(u, V7 W)
N,y = sup < 00
uv,weU\{o} [[Vull[[VV[[[|[Vw]
¢ (u,0,7)
N, = sup —— = < 0
ueU\{0},0,7ce\ {0} [IVull[[VO|[[|V7]
Moreover, if u € V, then for v,w € U, 7,0 € H(Q):
(i) ev(u,v,w) = —cy(u,w,v) and (ii) ¢, (u,0,7) = —c,(u,7,0).
Proof. See Lemma II.1.1 and Lemma II.1.3 in [24]. O

By introducing an additional coefficient A € [0,1], we obtain a family of stationary problems that
will be used to prove existence by means of an appropriate fixed-point theorem. In the subsequent
presentation, we will consider the problem in solenoidal form.

Problem 2.2. (Stationary Boussinesq equations)
Let 0, € CY(Q) be a lifting of given boundary conditions and F: © — U*.f, € U*, f, € ©* given body
forces. Let either i and @ denote fized elements of V or the unknown velocity u. For A € [0,1], 6 >
0,v,k>0 findueV, 0 €O such that
ay(u,v) + A(ey(@,u,v) = (F(@ +6p) + £y, viux) =0 VYveV
a-(0,7) + A(ar (0p,7) + ¢ (0,0 + 0y, 7) — (fr,T)o+) =0 VYT €O

This problem can be written compactly in form of a fixed-point equation. To this end, we make use
of a solution operator for the linear, elliptic part of Problem (2.2).

Definition 2.3. (Stokes solution operator)
Let W C U and T C © be Hilbert spaces w.r.t. to the inner products (-, )w = (V-,V-) and (-,-)r :=
(V-, V). Let § > 0,v > 0,k > 0. The solution operator for the Stokes equations in solenoidal form
combined with an additional heat equation, is defined as
KW, T|: W*xT*" W xT
(f,9) — (u,0) such that
ay(u,v) = —(f,v)yw~ for allv e W
a(0,7) = —{(g, )~ forallT €T

The remaining terms, including nonlinearities, source terms and boundary contributions, are collected
in the operator V.

Definition 2.4. (Non-Stokes terms)
Let the assumptions of Problem 2.2 hold and let W C U and T C © denote Hilbert spaces w.r.t. to the
inner products (-, )w := (V-, V) and (-, ") := (V-, V). Assume additionally that 6, € C1(Q). We define

N[W,T]: W x T — W* x T*

(u,) ( co(Bu, ) —F(0+6,) — £, )
’ ar(Oy,-) + ¢ (0,0 + 03, ) — fr



Problem 2.5. (Fized-point version)
Let the assertions of Problem 2.2, Definition 2.8 and Definition 2.4 hold. For K := K[W,T], N :=
N[W,T] and X € [0,1] find (uy,0)) € W x T such that

(U)\,G)\) :)\K(N(U)\,H)\)) :/\.7:(11)\,0)\). (21)
with fized-point operator

F=FW,T]:=KoN:=:WxT—>WxT.

In order to apply an appropriate existence theorem to the Problem 2.5, we need to show compactness
of F. For finite dimensional spaces, this can be accomplished by the next lemmas below.

Lemma 2.6. (Properties of K)
Let the assumptions of Definition 2.3 hold and define K := K[W,T]. Then, he following assertions hold.

(1) K is well defined and linear
(23) There exists Cx > 0 such that (u,0) = K(f,g) satisfies |ullw + |07 < Cx(||fllw~ + ||g]

T+)
Proof. Follows by application of Lax-Milgram A.3 and Friedrich’s inequalities A.5, A.7. O

Lemma 2.7. (Properties of N )
Let the assumptions of Problem 2.2 and Definition 2.4 hold. Assume that F(-+60,): T — W* is continuous.
Then, N := N[W,T] is continuous w.r.t. the norms || - |lwxr = ||V - [| + |V || and || - |[w+x1* :=

- w1 - [l

Proof. We only show the proof for 1 = & = u. Continuity of W 3> u — ¢,(u,u,-) € W* follows directly

from the following estimation

|CU(11, u, U) - Cv(unauwuv)‘ = |Cv(u - un,u,v) + Cv(unau - un,v)|

< N[V (u = w)[[[[Va[[Voll + Ny [V, [[[V(a = w,) [[[[ V]

=Ny [ [IV(u =) [[Vu] + [[Vu,| [V(a =) || | [VV]
-0 e L I

for (u,0) € W x T and (u,,8,), C W x T with ||[V(u—u,)|| = 0 and |V(8 —6,)| — 0.
Analogously, W x T 3 (u,0) — ¢, (u,6,-) € T* is continuous. By continuity of F, N is composition of
continuous functions and therefore continuous as mapping from (W x T, |||[w 1) to (W*XT* || |[w=x 1)
O

Lemma 2.8. (Properties of F)
Assume that 0, € C1(Q) with VO, -n = 0 on I'y. Moreover, let the assertions in Problem 2.5 and of
Lemma 2.6 and 2.7 hold. Then, Problem 2.2 and 2.5 are equivalent if W x T =V x ©. Moreover, the
following properties of the fized-point operator F[U,T] hold:

(1) FIW,T] is continuous

(i) F[W,T] is compact, i.e. it maps bounded sets to sets with compact closure, if W and T are finite

dimensional.



Proof. (i) follows since F is a composition of continuous functions due to Lemma 2.6 and 2.7. If W and
T are finite dimensional, (i7) follows since F is a continuous map on a finite dimensional Hilbert space,
see Lemma A.2. To see the equivalence of Problem 2.2 and 2.5, let (uy,8)) denote a solution of Problem

2.5. By definition of K, this solution satisfies
WVIY Ny, 03)(v, 7) for all (v,7) €V x ©
ar(6,7)
Inserting the definition of N yields the assertion. O

We conclude this section with stating the assumptions on F which turn out to be sufficient for proving
certain well-posedness results for the generalized Boussinesq equations.

Assumption 2.9. (General body force)
Let F: HY(Q) x HY(Q) — U* satisfy
(i) F is locally Lipschitz continuous in the following sense: for all R > 0 there is a non-decreasing

function Lg): [0,00) = [0,00) such that

[(F (01, ®) — F(02, ), v)u-| < L (||®

1.2)[|01 = 02|12V

for all 61,05 € Br(0, HY(Q)), ® € H () and v € U.
Moreover, for all R > 0 there is L) > 0 such that for all 6 € H'(R), &1, ®, € Bg(0, H'(Q)) and
velU,

[(F(0,@1) = F(0,@2), v)u-| < L [0]1.2]|21 = olf12]| V]|

(#3) F is bounded in the following sense: There are non-decreasing functions
ap: [0,00) = [0,00) and bp: [0,00) — [0, 00),
such that
[(F(8, @), v)u+| < ap([[@[l12)[[0]l 12l V] + br([[@]l12)[[VV]|
for all 0 € HY(Q),® € H(Q),v € U.

(iii) Let sequences (0,), C HY(Q) and (®,), C HY(Q) be given that converge to 0, € H(2) and
o, € HY(Q), respectively, in the following sense

0, — 0, in H', 0,, — 0, in L* and 10nll1,2 < K for alln € N
o, — &, in H*, ®,, — @, in L* and |®nll1,2 < K for alln € N,

Then, for all v € U there holds true

|<F(9*’ (I)*) - F(ena q)n)a V>U* — 0.

The local Lipschitz condition (¢) is used to show uniqueness of solutions under an appropriate small
data condition. It will turn out that Assumption (i7) allows for showing stability of solutions to Problem
2.2. Note that we don’t restrict the growth rate of F w.r.t. ||®|1,2, while it may grow at most linearly
w.r.t. [|f|l1,2 . This is due to the fact that we will be able to bound ||®||1,2 in terms of ||6||o which, in
turn, can be bounded in terms of the input data only by virtue of a maximum principle. (iii) will be
needed to show that a sequence of solutions to finite dimensional versions of the fixed-point Problem 2.5
converges to a solution of the original Problem 2.2.

Throughout the subsequent sections, we assert the following main assumption concerning F and the
boundary liftings.

Assumption 2.10. (Boundary Lifting)
There exists a family of boundary liftings 0, = 0p[¢] € C1(Q) with ||0,[€]||3 < & for all € > 0.



2.2 Stability of Solutions

The following proposition states that the norm of solutions of Problem (2.2) can be bounded in terms
of the input parameters and the norm of the boundary lifting. For that reason, it is required that the
boundary lifting ), can be chosen in such a way that ||6p]|3 is sufficiently small.

The subsequent result will play an important role in showing both existence (by virtue of a fixed-point
argument) and uniqueness of solutions. For the former case, it is crucial that the stability bound is
uniform w.r.t. A € [0,1].

Proposition 2.11. (Stability of stationary solutions)
Let A € [0,1] and assume that Assumptions 2.9 and 2.10 holds with body force F(6) := F(0,®) defined
for given and fized ® € H'(Q) with respective constants ap = ap(||®||1,2), br := br(||®|1.2)-
Then, there is a continuous, non-increasing function d: [0, 00) — (0, 3] with d(0) > 0 and continuous
functions
gi: REN{z; < d(z2)} — [0,00), i € {u,}

such that

[Vull < gu(l|6s]l3, ar, br, |0s]11,2, [| fr |0, [fv]lu+) =: Gu
VO] < go(||6b]|3, aw, br, [|6b]|1,2, | fr]|0%, Ifv]Uu~) =: Go

for all solutions (u,0) of Problem 2.2 with boundary lifting 0, satisfying ||0s||s < d(ag). In particular, gy
and gy do not depend on the parameter X € [0,1] and are non-decreasing in their arguments xo and xs.

Moreover, if u = u, then
gi = 0 for (x4, w5,26) = 0, i.e. G = 0 for (||0p]l1,2, | /-], [£v]]) — 0.

Proof. Let 6, € C*(Q) such that ||6y]l3 < 1. Moreover, let (u,0) € V x © denote a solution of the

stationary problem. Inserting v = u,7 = 6 in 2.2 and noting that
cv(@,u,u) =0 and ¢, (0,0 + 65,0) = c-(0,6,,0) = —c-(0,6,6)
since u,u € V, we obtain
Sllull?> + v||Vul|®> = NF(0 + 6,) + £, u)
51017 + 5| V0|12 = =X (6(0y, 0) + x(V8y, V) + (- VO, 0,) — (fr,0)).
Using the assumptions on F, we obtain from the first equality

v[[Vul* < apy/ K3 + 1{|VO|[[|Vul| + (br + ax[[6s]l1.2 + [[o]lo-) [[Vul]
g
ar

::BF

- 1 51 1 - 52
< —_— 2, 7t 2 2 92 2
< ap (251 IOl + 5[ Vul ) + 55 0k + 5 IVl

for 41,02 > 0 and from the second one

KlIVOI? < KI[VO[[[IVO + 5K 10| VO] + |(0 - VO,0)] + || - e[ VO]
< RIIVO[[[VO + S K2 K 23|06 13|V Ol + Ms [ Val[[|VO[[[|0b]l5 + [ f+[le- VOl

1 3 1 B 54
< — 24 3 2 L 2 , 04 9
5(253||V9b|| + 5 Ve >+M6 (254”9*’”3V“” + 11661Vl )

1
4 <255||f7|

Js 1 56
o + 2v92) + 0K Koy (256||0b||§ + 2||w)||2>



for 03,64, 05,6 > 0. Rearranging terms yields

01a
(v = 0 )|Vl < ap ||ve||2+—b2
.0 )
(x — R Mol *3*5K2K23*)||V9||2<ﬁ uwb||2+M6 ||eb||3||Vu||2
2

IIfTI

o + 6K2K23 ||0b||3
Setting §; appropriately gives

[Vul* < C1[[VO]* + Ce
(1= 2(165]l5) IVOII* < C3[VOs[|* + Callbb |3 ]|Vl + Cs + Coll6s 13

with constants

2 2
C1 = Zai (K5 +1), C2 = = (br )?, C5=3
CMZ 3. . [0K2Ko\®
C4—2T€27 5—?||fr|(~)*vC6—3 K
If u = u, we set
d :=d(ag) := min 1
T Sh 2—!—0104,2 ’
and obtain for ||6||3 < d by combination of both inequalities
[Vul? < ! 1A (C2+C1 (C’3V05||2+C’5+C’6|9b|§)> = G2.
1—01041 2ﬁ9:”3 1_2”91)”3

Now, 6 can be bounded by

1
V| <
Ve < 1

T=2/6]]5 (C3||V0y||? + C1G2 + Cs + Cs|6s]|3) =: G3.

If  is fixed, we get for [|6,]|5 < 3:
1

voIP< ———

VO™ < =5 10,1

||VuH2 < Cng + Cy =: Gi

Remark 2.12. The previous proof shows that Proposition 2.11 is valid for arbitrary subspaces W x T C

V x © with functions d, gy, go that are independent of the specific choice of W x T'.

The next lemma bounds the variation of solutions of the Boussinesq equations w.r.t. to variations of
the respective input data, i.e. the force term F and the terms u, u, #, ®. These bounds will be used later

on for showing uniqueness of solutions.

Lemma 2.13. (Stability of stationary solution w.r.t varying data)

Let Assumptions 2.9 and 2.10 hold and denote (uy,61) and (ug,0s) solutions of Problem 2.2 for A =1,
respective convection fields (™M, a™M), (a®,a®) and external forces F1 = Fi(-,®1), Fy = Fy(-, D)

which do both satisfy Assumption 2.9. Assume

|<F1(9 + 91,) — F2(9 + 91,), ’UJ>U*
Dg := sup su < 00.
R Vw6 + 05112




Then, the solutions satisfy

IV(uy —ua)|| < D[V —a®)|| + Dy V(@ — a®)|| + D3 Dy
IV (01 — 02)]| < Da||V(@® —a®)|.

with constants given by (2.2).

Proof. Let (uy,61) and (us, f2) denote two solutions for external forces F; and Fs, respectively. Inserting

both into 2.2 and subtracting yields

ay(u; —ug,v) + (1_1(1) -Vuy,v) — (ﬁ(2) -Vug,v) = (F1(01 + 0p) —Fa(02+ 65),v) Vv eV
ar (0 — 0, 7) + (@Y - VO, 7) — (0P - Vo, 7) = —((aV) —a?) .V, 1) Vr € ©

Defining w := u; — ug, @ :=u —a®, a:=a® —a®, ¢ =0, — 0, and setting v =w, 7 = ¢ yields

Sllwl? + v Vw|® + (- Vuy, w) + (@® - Vw, w) = (F1(61 + 6,) — Fa(6 + 6,), w)
—_———
=0
61 + KIVGIP + (5~ V01, 0) + (62 - Vo, 6) = — (@~ Vi, 6) = (a- V6, )
—_———
=0
Let R := ||0pl1,2++/ K3 + 1Gél) and by using local Lipschitz continuity of F'; with constant Lgi) = L;‘el) (R)

(F1(61 +0y) — Fa (02 + 6),w) = (F1(01 + 6) —F1(02+ 05), w) + (F1(02 + 05) — Fo(62 + 0p), w)

< L\ /K2 +1|V(0; — 02)][|Vw| + Dr|0s + 0,

1

12|Vl

we obtain
V[ Vw|? < No||Va|[[|Vull| V| + L&/ K3 + 1|V (01 — 62)][[| V]| + Del102 + 0,11 2| Vo]
< NGO | Va|| [Vl + LY/ K3 + 1|[Ve|| V|| + Dy (G?N/K& +1+ ||eb||1,2) Il
and from the second equation,

KIV|2 < NIVl VS]] + Ms||Val | Vo155
< NGV |val||Ve| + M| Vall|Vll[6]s

Dividing by ||[Vw|| and ||V ¢||, respectively, yields the desired result with constants

1
Dl = *NVGE})

14

1
Dy = ;Lifl K2+ 1(N.G + Mgl|64]|3)

2.2)
1 (
Dy = (6P KS3 414 100
1
D, = ;(NTG(QU + Mg)|6y]]3).
O
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2.3 Weak Maximum Principle for Temperature

If the dielectirc permittivity e is chosen as linear function of the temperature, e.g. () = €.(1 — +0) as
done in [20], we need to provide a L* bound on #. This bound is obtained by means of the well-known
weak maximum principle, stating that 6 exhibits its extremal values on the boundary. The following
fundamental functional analytic result will be frequently used.

Theorem 2.14. (Continuity of Superposition Operator, Theorem 1 in [10])
Let f € CYL(R) and G denote a bounded domain. Then the following operator is continuous

Ty WHP(G) — WP (@)

v fouw

By setting f(s) := max{s,0} or f(s) := min{s,0}, Theorem 2.14 shows that u* € W12(Q) for
u € WhH2(Q).

Proposition 2.15. (Mazimum principle for 6)
Let (u,0) € U x O denote a solution of Problem 2.2 for X = 1 and assume that one of the following

conditions is satisfied for all T € ©.
(1) 6 >0 and |(f7, 7)o~
(i1) [(fr,Tex| < dl|7|”

Then, 0 4 0y exhibits its maximum and minimum on the boundary, i.e.

< || Vrf?

esssupg (0 + 0,) < sup 6 and essinfq (6 + 6;) > ian 0, .
I'p D

Proof. Let 0 := 6 4 6,. Then,
§(0,7) +K(VO,VT) +c,(0,0,7) = (f,, ) for all T € O. (2.3)

For v € H'(Q), let S(v) :== {k € R: vt < konTp}, ie. supp, v™ = inf S(v). We assume that
S(6y) # 0. Otherwise, supr, ;" = inf () := co and the assertion trivially holds.

Step (i) : supp,, (@) < supp,, (6;).
We prove that S(6,) C S(f). To do so, let k € S(6,) and define f(s) := (s* — k)T which is Lipschitz
continuous on R. Since k € S(6)), there holds f(6,) € H5 () and

@) = £(0p) = ((0+0,)" — k)" — (8 — k)" = 2 € H'(Q) according to Theorem 2.14.
Since § € HL(Q), there is (6,,), € C% () N WS(Q) with 6,, — 0 in H'(Q). Let
zn = f(On +0b) — f(00).

Since f € C%Y(R), 0, € C%l(ﬁ) and 0, € C1(Q), there holds z, € C%1(Q2). Moreover, using 6,6, €
W16(Q) and Theorem 2.14, we obtain z, € W5(Q). Finally, for ¢ supp(6,), i.e. 0,(x) = 0, we also
have z,(x) = 0. Therefore, supp(z,) C supp(#,,) which implies z, € C%"'(€). By definition of z,,6, and
Theorem 2.14,

2 —zn = f(O+0,) — f(0,+6,) — 0in H'(Q), since 0,, — 0 in H'(Q).

Thus, z € Hp(Q) and f(0) = f(0,) + 2z € H5(R), implying k € S(6).

11



Step (i7) : esssupg, () < supr, (§+).
Suppose that esssupg(f) > supyp, (§+) = inf S(A). According to step (i), § # S(6) C S(f). Thus, there
exists k > 0 with k € S(6) and esssupq,(0) > k.

By definition of k, 7 := (6 — k)t € HL(Q) with support E := {7 # 0} = @ >k = {0 >k}

Moreover, there holds

_ V0 on E
T=60—kon E and V1 =

0 else

Inserting this 7 as test function into (2.3) yields
(fr,7) = 6§T+HV5-VT+U-V57':/ Mr+k)T+rKVT-VT+u-V7rT
Q E
= / S|ITI? + K|VT|? + 0kt + 0 - V7T
E

= / S|T)? + K|V T2 + Skt —|—/ a-Vrr > 6|72 + | VT2
Q ~  Jo

>0
=0

From the assumption follows that either
(1) : 0 < O|I7I* < (fr,7) = KIVTI* <0 or (i1): 0 < &|[V7|* < (fr,7) = 8|7]* < 0.

In both cases, we obtain 7 = 0 a.e. on {2, which is equivalent to g < k a.e. on Q. However, this is a

contradiction to the assertion k < esssupg,(6) < esssupg, (§+). Together with step (i) we obtain

esssupq (0) < sup(@Jr) < sup(4;").
I'p I'p
Step (#ii) : essinfqf > infr, (6, ).
Setting fr := —fr, 0 := —0, 0, := —0;,, multiplying (2.3) by —1 and applying the previous steps yields

esssupg (0) < sup(6;").

I'p

Using esssupq, (f) = —essinfo(6), 6,7 = —6, and infr,, (u) = — supy, (—u), we obtain

—essinfpf < —in 0,).
I'p

2.4 Existence of Solutions

Proving existence of solutions to (2.2) can be achieved by application of the well-known Galerkin principle,
following the work in [19]. Here, the application of the general fixed-point theorem 2.16 to a finite
dimensional version of Problem 2.5 is combined with an approximation of the infinite dimensional problem
by a series of finite dimensional systems.

Theorem 2.16. (Leray-Schauder fized-point theorem, Theorem 6.16 in [1]])
Let Y be a Hilbert space and let F: Y — Y be a compact map. Consider the fixed-point problem: find
y* €Y such that

yr=F") (2.4)



Associate with (2.4) the family of fixed-point problems: find yy € Y such that
Yr = AF(yr), 0 <A< L (2.5)

If there is a constant K such that all solutions of (2.5) are uniformly bounded, i.e. |lyx|| < K for all 0 <
A <1, then there exists a solution to (2.4).

Proposition 2.17. (Ezistence of solutions in finite dimensional spaces)
Let W C V, T C © denote finite dimensional Hilbert spaces. Let Assumptions 2.9 and 2.10 hold and
assume that the boundary lifting 0y is chosen such that ||0y||s < d(ag) for d defined in Proposition 2.11.

Then, there exists a solution (u,0) for Problem 2.5 with A =1, i.e.
(u,0) = F[W,T|(u,0) (2.6)

Proof. Follows by application of Proposition 2.11 with Remark 2.12 (uniform stability), Lemma 2.8 (com-
pactness of FIW,T]: Y — Y with Y := W x T') and Theorem 2.16. O

The following Theorem is based on the existence result in [19], with a slight modification to take into
account the more general body force term F.

Theorem 2.18. (Existence of solutions for stationary Boussinesq equations)

Let Assumptions 2.9 and 2.10 hold and assume that the boundary lifting 0y is chosen such that ||0p||3 <
d(ag) for d defined in Proposition 2.11. Then, there exists a solution (u,0) € V x © for Problem 2.2 with
A=1.

Proof. We only show the proof for 1 = = u. The other cases follow analogously.
Since V and © are closed subspaces of the separable normed spaces W2(Q)¢ and W12(€), respec-
tively, they are separable as well according to Lemma A.1. Therefore, there a sequences (W, ), (Trn)m

of finite dimensional subspaces satisfying
Wm - V; Wm - Wm+1 and Tm - @7 Tm - Tm+1

with

V=|JW,and© = |JT,.
neN neN

For each n € N let (u,,0,) € W,, x T,, denote the solution of Problem 2.2 with V x © replaced by
W,, xT,,. These solutions exist due to Proposition 2.17. Moreover, they are uniformly bounded according
to Proposition 2.11 and Remark 2.12,

IVu,| + [|VO,] < Gu+ Gg for all n € N.

Since V and © are Hilbert spaces, they are reflexive. Thus, there are (u,,0,) € V x © and a subse-
quence (ug,0r)r C (Uy,0,)n with uy — u, in V and 6, — 6, in ©. Due to the compact embedding
Wh2(Q) << L*(Q) for d € {2,3}, we additionally have u, — u, in L*(Q)? and 6, — 6. in L*(Q).

Since (ug, 0x) are solutions for the finite dimensional problems, there holds

ay(ug,v) + ey (ug,ug, v) — (Flr +60,) + £y, v) =0 YWweW,, n<k
ar (0 + 0p,7) + cr(Ug, Ok + 0y, 7) — (fr,7) =0 V7 €0, n<k
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where we used the equivalence between variational formulation 2.2 and fixed-point formulation 2.5 due to
Lemma 2.8. Let n € N and (v,7) € W, xT,, be arbitrary. Due to weak convergence, we obtain for k — oo
convergence of the linear terms according to (ug,v) — (u.,v), (0, 7) = (0+,7), ap(Uk,v) = ay(us, v),
ar (0, v) = ar (0., 7) and ¢, (ug, Oy, 7) = ¢ (s, Op, 7).

By Assumption 2.9 (iv) we have (F(0; + 6p), v)u~ — (F(6,),v)u-. Finally,

|Cv(uk7ukav) - Cv(u*vu*vv)‘ < ‘Cv(uk - u*7uk’7v)| + |CV(u*’uk - u*,v)|
< e — welaf[Vagll[[vils + lev (ue, v, up — uy)|
< fue = willa Gullvila + w4 VVl[ue — ulls

—0
and, similarly, ¢, (ug, 0k, 7) = ¢ (U, 04, 7). Summing up,

ay (Wi, V) + ey (us,us, v) — (F(0 + 60p) + £, v) =0 Vv eW,, VneN
ar(0s + 0p,7) + cr (Wi, 0 + 60, 7) — (fr,7) =0 V7 €0, VneN

Since |J,, W, x |,, T, is dense in 'V x ©, (2.7) holds for all (v,7) € V x ©. O

3 The TEHD Boussinesq Problem

In this section, we consider the combined problem of finding a solution (u, 8, ®) of the stationary TEHD
equations. Existence of solutions is shown by applying a fixed-point iteration that is alternating between
solutions (u, 6) of the Boussinesq problem 2.2 and solutions ® of Gauss’ law. Afterward, we show that
solutions are unique under certain restrictions onto the data. As final step in this section, we propose
certain ways of fitting the DEP force into the general force term F.

3.1 Variational Formulation and Existence of Solutions

In addition to spaces U, V, M, © used in the previous sections, we define the potential space T := H}(Q)
and for given ¢ € C(R,R) the mapping

ag: L®(Q) x HY(Q) x HY(Q) = R, (0,,53) — (e(0)VP, Vp).

Problem 3.1. (Stationary TEHD equations)
Let 0, € CY(Q) and ®, € C*(Q) denote liftings of given boundary conditions and F: © x T — U* f, €
U*, f, € ©*, fg: L*(Q) — Y* be given body forces and e € C(R,R). Let either u,i € V,0 € 0, € T
denote fized functions or the unknown variables u, 8, ®.

Foré6>0,v,k,v>0 findueV,0cONL>®(NQ),® €Y such that for all (v,7,0) €V xO x T

av(u7 V) + cv(ﬁ,u,v) = <F(6 + Hba(i + q)b) + fV7V>U*
0/7—(9+ 01777-) +C7-(1~1,9 + 91757-) = <f7’a7->@*
aﬁ(é+9b7©+q)bvﬂ) = <fﬁ(9+9b)7ﬂ>'r*

Assumption 3.2. (Permittivity €)
Let €: R — R be Lipschitz continuous with constant L.

Assumption 3.3. (Source term f;)

For the temperature source term f. € ©* we define conditions

14



(1) 6 >0 and |{fr, 7)o~
(it) [(fr.7)ex

Assumption 3.4. (Source term fg)

forallT €0

< 6||7||? for all T € ©

Let the potential source term fz: L*(Q) — T* satisfy

(i) There are constant ay,by > 0 such that for all @ € L*(Q) and B € T

[(£5(0); B)x-

< (as||6]] + ) V-
(ii) Let a sequence (0,)n C HY(Q) be given that converges to 0, € H' () in the following sense
0, — 0, in H', 0,, — 0, in L* and 10n]l1,2 < K for alln € N.
Then, for all 5 € Y there holds true

— 0.

|<fﬂ(9*) - fﬁ(en)a B>T*

(13i) fg is Lipschitz continuous in the following sense: for all D > 0 there is Lg > 0, such that

[(f5(61) — f5(02). B)r+| < Lg||61 — b2][1,2[|VB| for all 61,65 € Bp(0, H' () and 5 € Y.

Theorem 3.5. (Existence and stability of stationary TEHD solutions)
Let the assertions in Problem 3.1 and Assumptions 2.9, 2.10, 3.2 and 3.4 hold. Let 0_ := infp, (6, ),
04 :=supp, (0)) and O := max{6,|0_|}. Define e_ < e, such that

€ ([0—7 0+]) C [6—7 6-0—]'

Assume that 0y, is chosen such that e >0 and ||6y||3 < d(ar(Ga)) holds with

Go = \/K22 +1Go + || Pp]1.2

€ 1
Go = eiuvqn,u + 6—(a,c|9|%¢900 +by).

Moreover, if 0 = 0 let either Assumption 3.3 (i) or (ii) hold. If @ € © is fized, assume that 0 € L>(Q)
with (04 0,)(x) € [0_,04] a.e.
Then, there exists a solution (u,8,®) of Problem 3.1. Further, all solutions of 3.1 satisfy

IVull < gu(ll6s]ls5, ax (Gs), b (Ga), [|6)
IVOI < go([16b]|3, aw (Ga), b (Gis), 1|65
[Ve| < Ga,

0+ 6y)(x) € [0-,04] ae.

[frllex, [Ifvllu-) = Gu,
le=; Ifv]lu+) = Go,

with functions gu, gy defined in Proposition 2.11.

Proof. As before, we only show the proof for the implicit case 1 = 1 = u, ® = .

We split Problem 3.1 into two parts: for given ®4 € T find (u,6) € V x O satisfying

ay(u,v) +cy(u,u,v) — (F(O0 + 6y, 2 + @) + £y, v)ur =0 VveV
ar (04 0y, 7)+cr (0,0 + 0, 7) — (fr, o~ =0 Vreo

(P1) :
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and for given (f4,04) € © x © find ® € T such that
(P2) : ag(é# +0,, 24+ Dy, 8) = fe(0p+6,) VBET

We define the following fixed-point iteration: let &y € T be arbitrary and set for n € N
- (up,0,,) denotes the solution of (Py) for P = &,
- if § = 6, then 6, := 6,,. Otherwise, 6,, := 0
- ®,, denotes the solution of (Pz) for (04,04) = (0,,6,)

Here, Theorem 2.18 garuantees the existence of (uy,0,). Moreover, according to the weak maximum
principle, Proposition 2.15, in combination with the assumptions on 6, and f, for the case § = 6, or the

assumptions on 6 if this variable is fixed, we have

(0+60p)(x) € [0_,04] ae. and (0, + 0)(z) € [#_,04] a.e. for all n € N.

Therefore, €, := €(0,, + 6) € L>°(Q) and €, > e_ > 0 a.e.
For such kind of 6,,, the bilinear form T x Y 3 (®, 8) — ag (0, + 6, ®, ) € R is bounded and coercive.
Thus, there exists a unique solution ®,, € T of (P,) by Lax-Milgram and it is bounded according to

€ 1
IV, < S [V @y + = (agl + 6] +by) < G
On the other hand, we have for all n € N
[Vu,| < Gu and [[VO,| < Go,

according to Proposition 2.11 by using || ®,, + 1,2 < Ge and the monotonicity of ag,br, gu, gg. As
in the proof of Theorem 2.18, there are (u.,0,,®,) € V x © x T and a subsequence (ug, 0, Pr)r C
(Wpy 0, @)y with up — u, in 'V, 6 — 0, in © and &, — @, in T. Due to the compact embedding
Wh2(Q) << L*(Q) for d € {2,3}, we additionally have u;, — w, in L*(Q)¢, 8, — 6, in L*(Q) and
®;, — 0, in L*(Q). By Assumption 2.9 (4ii),

[(F(0. + 6y, s + ) —F(0,, + 0y, Py, + Pp), v)u+| > 0 for all vev.
Thus, as in the proof of Theorem 2.18, (u,6,) solves (P;) for &4 = ®, and it holds
€((0s + 0p)(2)) € [e—,€e4] ace.

since Proposition 2.15 also applies for 6,.

It remains to show that ®, solves (Py) for (04, 04) = (0.,0.) with 0, = 0, if = 0 or 0, = 0 otherwise.
In the former case, let 5 € C%l(ﬁ) N W6(Q) be arbitrary but fixed. Then, using Holder’s inequaility
and the Lipschitz continuity of e,

lag (0 + Oy, Pi, + Dy, B) — ag(Bs + O, Di + Py, )]
< (€O + 0p) — €(Ox + 0,))V(Ps, + p), VB)| + [(e(0x + )V (D), — D), V)|
< €Ok + 0b) — €(0s + 00) 13| V(s + o) [[VBll6 + [(€(0s + 05)V (D) — D), V)
< LeGol|0r — 043V Bll6 + [(€(0x + 0)V (P — D), V)|

—0
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Here, convergence of both terms is implied by 0 — 6, in L*(2) and by ®, — ®, in T, respectively.

By the assertion on fg, we additionally have

(fa(Or +6), B)x — (f5(0« + 0p), B)r
Combining both results yields
ag(0s + O, B + By, B) = (f5(04 + 63), B)x- for all 5 € CLH(Q) NWHE(0Q).

Since %' (Q) N WH6(Q) is dense in H)(Q) and the linear form H5(Q) 3 8+ ag(fs + Oy, B, + Dy, B) is
continuous, @, solves (P) for 84 = 9*,5# =40,.
In order to show the stated energy norm estimate, let (u,d,®) € V x © x T denote an arbitrary

solution. According to Proposition 2.15, ||6 + p||cc < 0o Thus, as for ®,,, we have that
€4 1
Vol < V@ + a6+ 4] + by) < G

which implies ||® 4 D12 < Go.

Moreover, by means of Proposition 2.11,

IVu| < gu([|0s]]3, ar, bF,
VOl < go([|0b]]3, ax, bE, |0

1f=lle= lIfv[lu)
1f=lle= lIfv]lu-)

[CA)

with constants ap = ap(||® + ®p12) < ar(Ge) and bp = bp([|® + ®p12)

non-decreasing in their arguments x and x3, we obtain the stated result. O

< bF(Gq;.). Since gy, gg are

By means of a standard procedure, see e.g. Lemma IX.1.2 in [10], existence of solutions for the problem
in mixed form can be shown.

Proposition 3.6. (Recovering the pressure)
Let (u,0,®) € V x © x T denote a solution of Problem 3.1. Then, there exists a pressure p € M such
that (u,p, 0, ®) is a solution to the mized problem

ay(W,v) + ¢, (a,u,v) — b(v,p) = (F(0 + 0y, ® + &) + f,, v)u-
aT(0+9b7 )+CT(u 9+0b77—) <f >
a5(0+9b,¢>+<1>b, )

q) =

b(u,

<f (0 +6b), 8)r-

for all (v,q,7,0) e Ux M x O x T.

Proof. Define the linear operator B*: M — U* via (B*p, v)y~ 1= b(v,p) = p%(v-v,p) and let a functional
l € U* be given as

1(v) == ay(0,Vv) + ey (0,1, v) — (F(0 + 0y, ® + ®p) + fr, V)U-

Then, [(v) =0forallve V, ie. l € V° = {g* € U*: (g,v)y = 0Vv € V}. Since the inf-sup condition
holds for the space U x M, B* is an isomorphism from M to V° according to Theorem A.4. Thus, there
is p € M such that B*p =, i.e. b(v,p) =1(v) for all v € U. Moreover, b(u,q) = 0 for all ¢ € M, since
veV. O
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3.2 Uniqueness of Solutions

We investigate uniqueness of solutions of Problem 3.1. To this end, let the assumptions in Theorem
3.5 hold and let (uy,6;,®1) and (ug, b2, P3) denote two solutions. Using the properties of F given by

Assumption 2.9, there is Lgb) > 0 such that

F(0+ 6, ® D) —F(0+ 60,0 i) .
DF::Supsup|< (04 0, @1 4+ ©p) — F(0 + 6, D2 + Pp), w)u-|

< LD, — Byl o. 3.1
Sup sup N S Lplll® = ®ofiz. (31)

1,2

Applying Lemma 2.13 with F; = F(-, ®; + ®;) and introducing d,, := z; — 5 with = € {u,0, ®, 1, 1,0, ®}
yields
[Vdu|| < D1[|Vda|| + D2||Vdal|| + Ds||Vdg||

3.2
IVdol| < Da|[Vdal. (3.2)

with Dy, i € {1,2,3,4} given by (2.2) and Ds := 2L{®) (Ge(Kg +1)+ VEZ+ 1||9b||172). Here, d, = 0

for y € {u, 0,0, ®} if the corresponding variable y is fixed. Otherwise, dg = du, dg = dy, dg = dg, dg =
dg, respectively.

Coming to Gauss’s law, according to the assumptions and results from Theorem 3.5, there holds
0 <e_ <e(B;(z)+0p(x)) < ey ae. Thus,

6_||Vd<p||2 < (6(92 + Gb)qu), Vd‘p)
= (f(01 + 6p) = f5(02 + 0b), do) — ((e(61 + 6) — €(62 + 6,)) V(D1 + D), Vo)
< LﬁHdG 1’2||qu>|| — ((6(91 + 91,) — 6(92 + 91,))V(¢1 + (I)b), Vdg).

If we assume that ®; € W13(Q), then the previous inequality together with H* < L% implies

e-|Vda|?* < La\/ K3 + 1||Vdg|[[|Vdal| + LeFo|[Vdg|l| V(1 + ®3)l3]|Vdal| (3.3)

for constants ay, s > 0. If @ is less regular, we may only deduce

e-[IVds|? < L/ K35 + 1{|Vdg|[[| Vs + Le(Ga + [VO]|)||dglloc ]| V|- (3-4)
Letting ||dgl|« € {||Vdsll, |ldglloo }, we summarize the previous estimates (3.2), (3.3), (3.4) as

[Vdu|l < a1 [|Vda|l + a2||Vdal| + as]| V]|
Vdg|| < 4| Vdal| (3.5)
IVds || < ||Vl + a6 ([[VP1]l3)[|dg]l«

with constants given by

ay =Dy, ag = Da, a3 = D5, ag = Dy

Lg /
as = 24 /K2 +1
T e VT (3.6)

aas) = Le [Ko(s+ IV8ll), sl = Vsl
< \Ga+ Vel ldgll. = e

Based on the set of inequalities (3.5), the following theorem yields conditions under which uniqueness
of solutions for the stationary TEHD Problem 3.1 holds. Hereby, one needs to differentiate w.r.t. the
degree of implicitness in 3.1.

Theorem 3.7. (Uniqueness for small data)
Let the assertions of Theorem 3.5 hold and constants «; be given as in (3.5). Then, solutions of Problem

3.1 are unique under certain conditions:

(1) W eV fized
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(i.4) 0 €V fized: without restriction

(i4i) u=ur a; <1

(i4) a=u
(ii.i) 0 € © fiwed: ay + az + 0 pasasoy < 1
(ii.ii) 0 =6
(ii.ii.i) ® € Y fized: oy + g < 1
(ii.i.ii) & = @
(49.49.91.0) d=2: a1 + s+ azoy (a5 + asK) < 1
(ii.ii.i3.77) d = 3: R >0 such that a; + as + azauas + azagas(R) < 1 and ® € Br(0, WH3(Q)).

Proof. The assertions are proven by using (3.5) with d, = 0 if € {u, 1,0, ®} is fixed, or dz = d, for
x € {u,0, P} otherwise. In case (i), i.e. dg =0, (3.5) directly leads to dyg = dj = do = dg = 0. For (i.7),
also dg = 0, implying dy, = dyp = de = 0 and therefore (uy, 61, ®1) = (ug, 02, P2). In case (i.74), we obtain

IVdu| < on[[Vdul,
ie. dy=0if 1 > ay. In (4i.i), (3.5) leads to
IVdu|| < a1[[Vdu|| + as||Vdu|| + ba asasaa|| V||
IVdel| < || Vel
IVda || < as|[Vds||
with d, , denoting the Kronecker delta. Thus, uniqueness of solutions is given if a1 + a2+ gazasay < 1.
If 0 = 0 and dg = 0, i.e. case (ii.7i.i), (3.5) with ||dg||« = ||dg||c leads to
[Vdu|| < n[[Vdu|| + 2| Vdu||
IVdg|| < aa||Vdu|
IVds || < (as + as(P1))do | -

Now, a1 + as < 1 implies d, = 0 and consequently, dg = 0 and de = 0. Finally, consider the case
(14.43.i1), i.e. the fully implicit problem. If d = 2, then ||dg|lc0c < Mw||Vdyg| by the Sobolev embedding

HY(Q) < C%). Therefore, (3.5) with ||dg||« = ||dg||oc leads to

IVdull < 01| Vdul| + 02| Vdul| + asas (o5 + asMoo) || Vel
Vol < ca]|Vdull
[Vdell < (a5 + asMoo)[| V-

Thus, under the condition ay + ag + gy (a5 + agMs) < 1, there holds dy = dy = de = 0. If d = 3 and
O € WL3(Q), (3.5) with ||dg||« = ||Vdy]|| leads to

[Vdu|| < a1[[Vdu|| + as||Vdu|| + azas (as + as([V1|[3) [Vl
Vol < | Vdul|
IVda || < (a5 + as([[V1]13))l[ Vol

In this case, dy = 0 if a1 + ag + asagas < 1 and ||[V®P4]|s < R such that

a1 + g + azaqas + 013014046(]%) < 1.
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The previous theorem shows that solutions are unique without any restriction onto the problem data
only, if the convection terms in both momentum and heat equation are explicitly given. Otherwise,
uniqueness only holds under certain restrictions onto the data. A closer look on the involved constants
o reveals that o, g, as, ay tend to zero as ||6y||1,2 tends to zero. Thus, if the energy that is put into the
system by means of the boundary temperature is sufficiently small, uniqueness of the solution is ensured.

3.3 Modeling of DEP Force

In this section, we propose several approximations to the body force
f=fp+fo=a.(VP®)?V0 — a,g0

that satisfy Assumption 2.9. By means of Theorem 3.5, we may state existence of solutions u €
H{(Q), 0, ® € H(Q). For such functions, the term (V®)2V# is not contained in H~1(Q), making
it necessary to replace it by an expression F(6, ®) that requires less regularity of 6 and ® to be an ele-
ment of H=1(Q). In order to do so, we make use of an alternative form fr o of fr which is obtained by
subtracting

V (ae(V®)%0) = 20 (VOV D)0 + 0 (VO)> VO = —fp, + fr

from the momentum equation and replacing p by the generalized pressure P := Lp — a.(V®)20.

The proposed approximations F; rely on the idea of either replacing the poteﬁtial ® in fg , by some
smooth, fixed function ®g, or on applying a smoothing operator to ®. The following definitions make use
of a fixed potential ®.

Definition 3.8. (Standard DEP force with fized potential)
For &y € WH6(Q) define
F.o: H'(Q) x H'(Q) - U*
(0, @) = ac((VP0)*V0, ) — ay(bg, ).
Definition 3.9. (Alternative DEP force with fixed potential)
For &y € W23(Q) define
F.o: HY(Q) x HY(Q) — U*
(0, @) = =20 (V2o VP0)b, ) — ay(bg, ).
Definition 3.10. (Linearized alternative DEP force)
For &y € W'2(Q) define
F..: HY(Q) x HY(Q) - U*
(0, ®) — —2a.((V20oV )0, ) — ay(bg, ).

Proposition 3.11. (Properties of the body force)
Fs o, Foo and Fg 1 satisfy Assumption 2.9.

Proof. Assumption (¢) and (i7) directly follow by the linearity of F; 9, F4 1, Fq 1 w.r.t. 6 and their grwoth
rate w.r.t. || ®[/1,2 being linearly at most. Validness of (iii) is shown for F,; only: Let sequences
(0,)n C HY(Q) and (®,,),, C H*(2) be given that converge to 0, € H*(2) and ®, € H(f2), respectively,

in the following sense

0, — 0, in H', 0,, — 0, in L* and 10nll1,2 < K for all n € N
@, — &, in H',®,, — &, in L* and ||®,]|12 < K for all n € N.
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Then, for arbitrary v € U,

|<F(9*7<I)*) - F(envq)n)VVH S ‘<F(9*7q)*> - F(e*vq)n)7v>‘ + |<F(9*7(I)n) - F(emq)n)ﬂvﬂ
< 20| (V2D V (D, — B,,))04, V)| + 20| (V2R VD,) (0, — 6,),V)]
+ ay|((0+ — 0,)g, V)|
< Cl((V2@V(Ps — ©0))s, V)| + CK |0, — Onllal[vlle + Cll0x — Ol allv]] -

Noting that 0, v - V2®, € L?() follows by the assumption on ®y and the Sobolev embedding H!(£2) —
L5(), the first term converges to 0 due to ®,, — ®, in H!. Moreover, both other terms converge to 0
by 6, — 0. in LA, O

A justification for the proposed approximations can be given by employing Lemma 2.13. Therefore,
let F*(0,®) := ((V®)> V6, -)y- and assume that a solution (u*,8*, ®*) of Problem 3.1 with F = F* exists
with ®* € W16(Q). Now, let (u, 0, ®) denote another solution for F = Fy o. If either @ and u are fixed
of if the data is sufficiently small, then Lemma 2.13 yields

IV(u* — )|+ [|V(6" - 0)| < C Dy,

with

Dp = sup sup [(F* (0 + 0p, @* + ®p) — Fs0(0 + 05, @ + ®p), w)u+
P eevece Vw16 + 6bll1,2
S OV(2* — @o)l6 (IV(2™ + @p)l6 + [V (Po + Pp)][6) -

In this case, the difference between both solutions is proportional to the difference between the exact po-
tential ®* and its approximation ®q. Such an a priori approximation ®( could be defined as regularization
of the solution @y of Gauss’s law for some given reference temperature 6, i.e.

(e(00)V (®oo + Py), V) = 0 for all B € T.

Note that

e = €@ o
e

V(@1 — @) < V(@1 + @)

for potentials ®; solving Gauss’s law with respective permittivities e} € L>(€Q), e > ¢? > 0 ae. If the
permittivity is chosen as in [20], i.e. €(f) = €.(1 — ), we obtain for the relative H!'-deviation between
®yp and the potential ®* determined by the correct temperature 6* + 6,:

IV (®oo — )| _ llf — (6" + 9b)\|oo.
[V(®* + )| — 1— 0%

(3.7)

Here, we assumed that both temperatures satisfy the same maximum principle, thus having their values
a.e. in an interval of width df = supq 0y — infq 0y = supq(0* + 6) — infq(0* + 6,). When considering
dielectric fluids with permittivity of low temperature dependency, e.g. some silicon oils take values
v = O(1073), and temperature regimes in which the Boussinesq approximation is fairly accurate, i.e.
df, 0. = O(1), then the right hand side term in (3.7) is rather small. If, in addition, the effect of
regularization is moderate, i.e. [|[V(®Poo — Pg)| is small, we heuristically conclude that the proposed
modellization of the DEP force is justified by the underlying physics under some restrictions on the
fluid and the temperature boundary conditions. In a work that is currently under preparation, we will
substantiate this reasoning with numerical experiments.

Following the previously stated idea of regularization, we propose another approximation to fg , that
is based on mollification of the electric potential.
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Definition 3.12. (Mollifier)
A nonnegative function ¢ € C=(R%,R) with supp(1)) = B1(0,R4) and Jpa ¥(x)dx =1 is called mollifier.
For such kind of function and t > 0 define the mollifying operator

Syt: LY() — C(RY)
Frofi= (Frin = [ Fe =ty

with ¢y (y) := t~%p(%) and f denotes the extension of f by 0 outside of Q.

By replacing ® by Sy, ® in the formulation of f¢ ,, we are able to construct a body force F = F that
satisfies Assumption 2.9, thus implying existence of a family of solutions of Problem 3.1, {uy, 0, ®;}+>0.
Since Sy ¢ converges point wise to the identity operator on LP(2) as ¢ — 0, see Lemma A.9, it is natural
to ask whether a sequence of solutions (uy,, 6;, ,®P;, ), with ¢, — 0 converges in some sense. To answer
this question, we need to introduce another modification of fg , to ensure that the growth parameters,
ap = ap(t) and bp = bp(t), stay bounded for ¢t — 0.

Definition 3.13. (Cut off operator)
For K > 0 let my € L>®(R%)? denote a Lipschitz continuous function with mr () = x if |x| < K. Define
the cut-off operator

Py LN — L2 (Q)¢
g mgog.
By combining the previously defined operators, we may define a regularized electric gravity gg +.
Definition 3.14. (Regularized electric gravity and DEP force)
Let a mollifier ¢ and a cut off function myi according to Definitions 3.12 and 3.13 be given. Fort > 0

define the regularized electric gravity

gr.: HY(Q) — L3(Q)?
D Py [V2Sy1® - VS, @] .

The corresponding body force is defined by

F,: H'(Q) x H'(Q) — U*
(0,®) = —2a.(0gr[P],-) — ay(fg,-).

Proposition 3.15. (Properties of mollified body force)

F; satisfies Assumption 2.9 with growth rates ag, by being independent of t.

Proof. For ® € H'(Q), note that the following estimates hold by means of Lemma A.9 and Definition

. IVS00®lls < CIVSyi®lloc < CO (W, 1) ®]l2 < Cot)][0] 12
IV28,0@]ls < ClIV2Sy 1 ®]l0 < CC2 (6, D)|®]2 < Cra(8)][D] 1.2
s ®]ls < Cllmiclloo
| P [f1] = Prg [folllp < Ling 1 f1 = fallp

with L,,, denoting the Lipschitz constant of mx and C' denoting a generic constant that only depends

(3.8)

on 2 and p.

22



We abbreviate the proof by setting the involved physical parameters to 1 and only considering the
DEP term of Fy, since the stated assertions easily follow for (fg,-). Assertion (i) of Assumption 2.9

follows from the estimates

[(Fi(01, @) — Fy (02, @), v)| = [((01 — 02)gE.:[P], V)]
< |01 — O2]l2llgE:[®]l3]| V6
< Cllmk||sollfr — O2][1,2Me ||V V]|

and

[(Fe(6, 1) — Fi(0, D2),v)| = (0 (8E,:[P1] — 8E,:[P2]), V)]
< 6lllIviiellgr.:[®1] — gr.[P2]lls
< Mo Lo ||0]|1,2]|V V|
(IV2Sy,t(@1 = @2)ll6]|V Sy P1ll6 + IV Sy, (P2) 6]V Syt (21 — @2)ll6)
for arbitrary R > 0, ®;,60;, € Br(0, H(Q)), ®,0 € H*(Q),v € U and by using (3.8).

Assertion (i7) follows from

[(F:(0,®),v)| = |[(0gE.:[®], V)| < g [@][s]10ll2]Vlle < Cllmlloclbll1,2]lV]6,

ie. bp =0 and ar = C||mi||co-

Finally, let sequences (0,,)n, (), be given according to Assumption 2.9 (ii). Then,

[(Ft(0, Ds) = Fi(0n, @), V)| < [((0x = On)gE.t[®], V)| + [(0n (85.:[P+] — 8.4 [Pn]) , V)]
< Cllmicllool0x = Onllallvlle + C L [|0nllllv]6
(IV2Sy.t(®x = @0)ll6 ] VSt Pulls + VSt (@) 6]V Syt (@ — Pr)ll6)

—0

Here, convergence follows from ||®,, — ®.|l4+ — 0, ||0, — 0|4 — 0, the uniform boundedness of ||®, |1 2,
16|12 and the estimates (3.8). O
Due to Proposition 3.15, F; satisfies the requirements of the existence Theorem 3.5 for all ¢ > 0. Under

the remaining conditions of 3.5, we may therefore state the existence of a family of solutions {u, 0, :}
of Problem 3.1. Moreover, Theorem 3.5 provides energy bounds

IVuil| < Gu, [[VO] < Go, [V <GCGa

with constants G; that depend on F, only via ap(t) = const, bp = 0. Thus, they are uniform w.r.t. ¢.

Choosing an arbitrary sequence ¢, — 0 and using again the reflexivity of U, ©, T, we obtain functions
u, €U, 0, €0, &, € T such that

Uy, — Uy, thAG*, (I)tné(b*.

Moreover, we have by construction, ||gg .+, [®:, ]|l3 < C|lmK||eo. Since L3(2)? is reflexive, we also obtain
g = g5 e, [B0,] — g5 for some gz € L(Q)"

Letting (v, 7,8) € V x © x T denote arbitrary test functions for Problem 3.1, we obtain convergence of
all bi- and trilinear forms as in the proof of Theorem 3.5, e.g. ay(ut,,v) = ay(u.,v), etc. Thus, it only
remains to consider convergence of the term (F; (60; ,®; ),v)yu~. To this end,

[(0n8En: V) — (048, V)| < [(0:(8E,« — 8En), V)| + |(0n — 0:)8E,n, V)|
< [(0s(gE,x — 8En), V)| + Cll0n — 0:llallgr,nll3lvIe
— 0
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Here, the first term converges towards 0 by gg ,, — gg, and the second term by uniform L? boundedness
of g, and the compact embedding H'(Q) << L*(12).
These considerations are summarized by the following theorem.

Theorem 3.16. (Ezistence of solutions with weak approzimation of electric gravity)
Let the requirements of Theorem 3.5 and Proposition 3.15 hold. Then, there are (u,0,®,g5) € V x O X
T x L3(Q)¢ such that

av(W,v) + (0, u, v) = —((6 + 6y) 2aegE + 048), v) + (£, V) U~
ar(0+0p,7) + ¢ (0,0 + 0, 7) = (fr, 7)o (3.9)
CLB(@-F Hba(b + ©b76) = <f5(9 + 9b)aﬂ>T*

holds for all (v,7,8) € V x © x Y. The connection between gr and ® is given in the sense that there is

a sequence (tn, Ppn)n C (0,00) X T with

tn, — 0
B, —® in H'(Q) (3.10)
get, [Pn] — gr in L3 ().

with approzimate electric gravity given by Definition 3.14.

According to Theorem 3.16, we obtain a notion of a solution for the stationary TEHD equations 3.1,
where the strong connection between electric gravity and potential, gz = V2® - V®, is replaced by the
weaker form (3.10).

4 Conclusion and Outlook

In this work, we proposed a functional analytic framework that allows to prove existence, stability and
uniqueness of solutions to the stationary TEHD equations. In doing so, we additionally extended the
theory on well-posedness of the standard stationary Boussinesq equations by allowing a more general force
term. Due to the high regularity requirements imposed by the DEP force, it was necessary to replace it by
a suitable approximation. So far, this approximation has been justified by heuristic arguments. However,
we have already conducted numerical experiments that underline this reasoning. These results will be
presented in a further publication, together with a numerical analysis of the Finite Element Method
applied to the stationary TEHD equations. An extension of the presented results to the instationary
problem is part of our ongoing research.

Acknowledgements
This work was supported by the German Research Foundation (DFG) grant ” Thermo-elektro-hydrodynamisch
TEHD getriebene Warmetransporterhohung im vertikalen Zylinderspalt - Experimente und numerische

Simulation im Kontext von Messunsicherheiten und optimaler Versuchsplanung (EG 100/20-1)”. Further,
the authors gratefully acknowledge the support of the Klaus Tschira Foundation.

A Appendix

Lemma A.1l. (Subspaces of Separable Spaces)
Let X denote a separable normed space. Let U C X,U # () denote some subspace. Then U is separable.
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Proof. Let Q C X denote a countable set with @ = X. Let {c, : n € N} = Q- denote an enumeration
of the positive rational numbers. For each ¢ € Q,n € N choose ul € U N Bx (q,¢cn) =: Uy, if the
intersection is non-empty. Then,
v= U e}
neN,qeQ,Uq, n#0
is a countable subset of U.

Now, let u € U C X, € > 0 be arbitrary. Since @ is dense in X, there exists ¢ € Q with |lu —¢|| < {.
Choose a positive rational number cy such that § < cy < 5. Then, llu — ¢|| < en and thus, v € Uy w,
ie. Uyn # 0. Therefore, there exists an element u, = u}, € U’, which satisfies ||u. —¢|| < ex < 5.
Therefore,

€ €
e =l < flw = all + g —ull < 5+ < e

Since u and € are chosen arbitrarily, U’ is dense in U. By construction, U’ is a countable subset of U and

therefore the assertion follows. O

Lemma A.2. (Compact Operator in Finite Dimensions)
Let X denote a finite dimensional Hilbert space and F: X — X a continuous operator. Then, F is

compact.

Proof. Let M C X denote a bounded set. Then, M is closed and bounded, thus compact since X is
finite dimensional. Let K := F(M) and C denote an open cover of K. Since F is continuous, F~1(U) is
open for all open subset U C X. Therefore, D := {F~1(U) : U € C} is an open cover of M. Since M is
compact, there exists Uy, ..., U, € C for some m > 1 such that M c F~Y(U;)U...UF~YU,,). Now

F(M)C F(F Y U1)U...UF ' (Up))
CFF Y U)U...UF(FUp,))
=UiU...UU,y,.

Therefore, C contains a finite covering of F(M), i.e. F(M) is compact. Thus, it is also bounded, implying

that F(M) C F(M) is bounded as well. Therefore, the closure of F/(M) is bounded and closed, thus
compact in X. ]

Theorem A.3. (Laz-Milgram Lemma, Satz 4.2 in [3])
Let H denote a real Hilbert space with norm ||- ||z, a: Hx H — R a bilinear form and l: H — R a linear
form. Assume there exists M, N, > 0 such that for all u,v € H:

a(u,v) < Mlullg[|v]| &

a(v,v) > allv|F

I(v) < Nljv|la
Then, there exists a unique solution u of
a(u,v) =1(v) for allv € H. (A1)
Moreover, this solution satisfies N
Jullr <
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Theorem A.4. (Well-Posedness under inf-sup Condition, Satz 2.1 in [21] )
Let (X, || llx) and (M,]| - ||a) denote Hilbert spaces and let a bilinear form b: X x M — R be given which

is assumed to be bounded, i.e.
[b(v, p)| < M||v||x||pllar for allv e X p € M.
Define linear operators

B: X - M*, z— b(z,")
B*: M — X*, p—b(-,p)

and spaces

Vi={veX: blv,q) =0Vqe M}
Ve={g* e X": (g,v)x =0V eV}
Vi={zeX: (z,)x =0V eV}

Then, the following assertions are equivalent.

(i) There is B > 0 such that
b
inf su _bw.p)
PEM,pF#0 ye X v£0 HU”X”p”M

> p.
(i4) B* is an isomorphism from M to V° with

I1B*pllx+ = Bllpllar for all p € M.
(iii) B is an isomorphism from V- to M* with

| Bo|lar+ > Bllvllx for allve V*.

Theorem A.5. (Poincare-Friedrichs inequality for H}, Theorem I.1.1 in [11])
Let Q be open, bounded and connected. Then, there is Cpg > 0 such that

lull2 < Cprl|Vulla for all u € H&(Q)

Theorem A.6. (Generalized Poincare-Friedrichs, Proposition 7.1 in [7])
Let Q be open, bounded and connected and p € (1,00). Assume that (X, | - ||x) is a closed subspace of
WLP(Q) that does not contain the function f = 1 and for which the restriction of the canonical embedding
WhP(Q) — LP(Q) to X is compact. Then, || - || x is equivalent to ||V - ||,.

Theorem A.7. (Poincare-Friedrichs inequality for W5*(2))
Let Q C R? be open, bounded and connected. Assume that 0 = T'x + I'p with T'p having positive
(d — 1)— Hausdorff measure. Then, there is Cpp > 0 such that

lull2 < Cpr||Vullz for allu e HE(Q)

1,2

Proof. Let (X, |- |x) := (HbH(Q), || - |1.2). By definition, X = C3 (@) nWL6(Q) , and ypv = v},
for all v € C%'(Q) according to Theorem 1.5.1.3 in [12] with yp € L(W'2(Q), W=2(I'p)) denoting the
boundary trace operator w.r.t. I'p. Since C%l(ﬁ) C ker(yp), we have X C ker(yp) by continuity of vp.
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Moreover, we have the embeddings
(Hp(Q)s [ - [l1,2) = WH2(Q) = L*(9),

where the first embedding is obvious and the second embedding follows from the Sobolev embedding
Theorem 4.12 in [1]. Therefore,
(Hp(Q), 1| - l1.2) == L*(Q).

Finally, the function f: Q — R, z — 1 is not contained in X, since yp(f) =1 # 0 on I'p and I'p has

non-zero measure. Thus Theorem A.6 yields the existence of some C' > 0 such that

Il < I

2= llx <C[V- ]2 on X.

Lemma A.8. (Properties of convolution)

Let ¢ € Cg°(RY), f € L}, (R?),g € LP(R?) forp € [1,00) and | + - = 1. Then,
(@) (g * D)oo < llgllpllollp-

(i) 32 (f %) = (f * 52 ¢)

(itd) et (f % 8) = (f * 5255 9)

Proof. (i) follows from

[(g*P)low=sup | [ g(z—y)p(y)dy|l = sup | [ g(y)o(x —y)dyl
rxeRd JRd zeRed JRd

< sup [lgllpllé(@ = )= = llgllpllllp-
z€RC

(7i) follows by applying the definition of 9;, the Mean Value Theorem and Dominated Convergence
Theorem. (iii) follows by iteratively applying (i4). O

Lemma A.9. (Properties of mollifiers)
Letp € [1,00) and p* such that %+ p% =1 and f € LP(Q). The following properties hold for the Mollifier
operator Sy given by Definition 3.12.

(1) Sy € LILP(Q), L>=(Q)) with ||Sy..] < [

) p*,Ra
(#3) Syf — f in L fort — 0.
(@1) [[VSy,efllec < Cv (@, ) flp
(iv) [[V2Sy e flloo < Cuz (i, )] fllp
(v) If fn — f in LP, then V.Sy ¢ frn — VSy .+ f in L>(8)

Proof. (i): Let g € LP(Q) with ||g|l, = 1 and denote by § its extension by 0 outside of . Then, by
Lemma A.8 (i),

15y t9lloc = 1 * V) l[oc < [19llprallebt

p* Rt = [|9t]|pe Ra-
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Since Sy ¢ is obviously linear, (i) follows.

For (i), see e.g. Theorem 2.29 in [2]. (i4¢) is obtained by using Lemma A.8 in

N

d % d
IV Syl = sup (Z (10:Syo f (x ) < <Z<sup8 Syef(@)]) )
z =1

i=1 TEQ
d 2
- (Z 10:(F o)1) )

=1

Nl

d

< (Z £ 11p 1053t |l = ) )
=1
=: Cv (¥, )| flp-
(iv) follows analogously. (v) is a direct consequence of (4ii) and the linearity of Sy, ;. O
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